Abstract. Recently H.-L. Chang and J. Li generalized the theory of virtual fundamental class to the setting of semi-perfect obstruction theory. A semi-perfect obstruction theory requires only the local existence of a perfect obstruction theory with compatibility conditions. In this paper, we generalize the torus localization of Graber-Pandharipande [17], the cosection localization [21] and their combination [6] , to the setting of semi-perfect obstruction theory. As an application, we show that the Jiang-Thomas theory [20] of virtual signed Euler characteristic works without the technical quasi-smoothness assumption from derived algebraic geometry.
Introduction
The theory of virtual fundamental class was invented in 1995 by LiTian [31] and Behrend-Fantechi [2] in order to provide a rigorous algebrogeometric theory of the Gromov-Witten invariant. Since then, the virtual fundamental class has played a key role in defining important invariants like Donaldson-Thomas and Pandharipande-Thomas invariants, as integrals on the virtual fundamental cycles on suitable moduli spaces. Each DeligneMumford stack X has the intrinsic normal cone c X canonically embedded into its abelian hull N X = h 1 /h 0 (L ∨ X ) where L X denotes the cotangent complex of X (cf. [2] ). A perfect obstruction theory φ : E → L X gives us an embedding of N X into the vector bundle stack E X = h 1 /h 0 (E ∨ ) and the virtual fundamental class [X] vir is defined by applying the Gysin map 0 ! Recently thanks to improved knowledge on derived categories and wall crossing, there arose a demand to handle more moduli spaces of derived category objects on a smooth projective variety. Unfortunately it is often hard to find perfect obstruction theories on moduli spaces of derived category objects and hence virtual fundamental classes were not readily available for them. In [7] , H.-L. Chang and J. Li constructed the virtual fundamental class under a weaker condition than the existence of a perfect obstruction theory. They require only the local existence of compatible perfect obstruction theories and it was proved in [7] that these local theories are sufficient to give the virtual fundamental class with desired properties. In fact, this weaker requirement amounts to the theory of tangent-obstruction sheaves of [31] . For many moduli spaces of derived category objects, semi-perfect obstruction theories are easier to construct (cf. [7] ) and it was shown in [22] that a critical virtual manifold always has a semi-perfect obstruction theory and hence a virtual fundamental class. The goal of this paper is to generalize and establish the localization theorems in the setting of semi-perfect obstruction theory.
A semi-perfect obstruction theory on a Deligne-Mumford stack X consists of anétale cover {X α → X} and perfect obstruction theories
of X α satisfying compatibility conditions on the obstruction sheaves and assignments (cf. Definition 2.7). By constructing a cone cycle C X in the obstruction sheaf Ob X and applying the (generalized) Gysin map 0 ! F for the coherent sheaf F = Ob X , we obtain the virtual fundamental class [X] vir with respect to the semi-perfect obstruction theory on X. When there is an action of T = C * and all the local perfect obstruction theories as well as theétale cover X α → X are T -equivariant, we prove that the usual torus localization formula [X] vir = ı * [F ] vir e(N vir ) holds (cf. Theorem 4.5) where F is the T -fixed locus equipped with the induced semi-perfect obstruction theory. The only additional assumption we need is the existence of a global resolution [N 0 → N 1 ] of the virtual normal bundle N vir of F by locally free sheaves as in [6] . Compatibility of perfect obstruction theories φ α : E α → L Xα requires that the local obstruction sheaves Ob Xα = h 1 (E ∨ α ) glue to a sheaf Ob X on X. If there is a cosection σ : Ob X → O X , we prove (cf. Theorem 3.1) that the virtual fundamental class [X] vir of X localizes to the zero locus X(σ) of σ, generalizing the cosection localization theorem in [21] .
In [6] , the authors combined the torus localization with the cosection localization. They proved that the torus localization formula holds for the cosection localized virtual fundamental class if the cosection σ is T -invariant.
In §5, we generalize this combined localization result to the setting of semiperfect obstruction theory (cf. Theorem 5.1).
As an application, we consider the Jiang-Thomas theory of virtual signed Euler characteristic in [20] . For a scheme X equipped with a perfect obstruction theory, Jiang and Thomas collected five natural ways to think of virtual signed Euler characteristic via (1) K-theory, (2) torus localization, (3) Euler characteristic weighted by the Behrend function, (4) cosection localization and (5) ordinary Euler characteristic, and proved that (1)=(2) while (3)=(4)=(5). To make sense of (2), (3) and (4), they constructed the dual obstruction cone N = Spec X (Sym(Ob X )) and proved that N admits a perfect obstruction theory after assuming that X comes from a quasi-smooth derived scheme. We will prove in §6 that N always admits a semi-perfect obstruction theory without any assumption from derived algebraic geometry. Applying the torus localization and cosection localization theorems proved in this paper, we can make sense of (2), (3) and (4) and the Jiang-Thomas theory of virtual signed Euler characteristic is established without the technical assumption.
Here is the layout of the paper. In §3, we will prove that the cosection localization of [21] works for semi-perfect obstruction theory. In §4, we will show that the torus localization of Graber-Pandharipande [17] also works for semi-perfect obstruction theory. In §5, we prove that the torus localization works for the cosection localized virtual fundamental class of a semi-perfect obstruction theory. In §6, we apply these results to the dual obstruction cone of Jiang-Thomas and show that their theory works without the technical quasi-smoothness assumption from derived algebraic geometry.
All schemes or Deligne-Mumford stacks in this paper are of finite type and defined over the complex number field C. All Chow groups in this paper have coefficients in the rational number field Q.
Localization of virtual fundamental cycles and
semi-perfect obstruction theory 2.1. Localization of virtual fundamental classes. In this subsection, we recall the torus localization of Graber-Pandharipande [17] and the cosection localization for virtual fundamental class (cf. [21] ). Let X be a Deligne-Mumford stack over C. The intrinsic normal cone c X of X is a cone stack which satisfies
and U is closed in a smooth variety V .
(1) E is locally isomorphic to a two-term complex [E −1 → E 0 ] of locally free sheaves, (2) h −1 (φ) is surjective and h 0 (φ) is an isomorphism.
The perfect obstruction theory is symmetric if there exists an isomorphism
Here, L X denotes the truncated cotangent complex τ ≥−1 L X of X. A perfect obstruction theory φ : E → L X gives us a vector bundle stack E = h 1 /h 0 (E ∨ ) which is locally E 1 /E 0 where E i is the dual bundle of E −i for i = 0, 1. Then by [2] , the intrinsic normal cone c X is canonically embedded into the abelian cone stack h 1 /h 0 (L ∨ X ) which is embedded into E by φ ∨ . Then the virtual fundamental class of X is defined as
E is the Gysin map for the vector bundle stack E. When X admits an action of T = C * and the perfect obstruction theory φ : E → L X is T -equivariant, the virtual fundamental class of X is localized to the T -fixed locus F in X by the formula
where ı : F → X is the inclusion and N vir is the moving part of E ∨ | F if N vir admits a global resolution [N 0 → N 1 ] by locally free sheaves N 0 , N 1 on F (cf. [17, 6] ). When the obstruction sheaf Ob X = h 1 (E ∨ ) has a cosection σ : Ob X → O X , the virtual fundamental class [X] vir is localized to the zero locus X(σ) of σ by [21] . The cosection localized virtual fundamental class is obtained in two steps. Firstly we observe that the intrinsic normal cone c X has support in
where U = X − X(σ). Secondly the Gysin map 0 ! E : A * E → A * X is localized to a map 0 ! E,loc : A * (E(σ)) −→ A * (X(σ)) and the cosection localized virtual cycle is defined as
This cosection localized virtual fundamental class satisfies many expected properties such as deformation invariance and
where ı : X(σ) → X is the inclusion map.
Combining the localization techniques is often useful. In [6] , the authors proved that the torus localization formula (2.1) holds for the cosection localized virtual cycles, i.e. (2.2) [X]
which turned out to be quite useful.
2.2.
Cycles on sheaf stacks. In this section, we recall the notion of cycles on sheaf stacks [7] . Let X be a Deligne-Mumford stack and F be a coherent sheaf on X. Then the groupoid associating sections s ∈ Γ(U, f * F) to a morphism f : U → X is a stack, called the sheaf stack of F. By abusing the notation, we denote the sheaf stack by the same symbol F. We will consider the intersection theory on the sheaf stack F. 
be the intrinsic normal cone of X. Then the obstruction sheaf
is the coarse moduli sheaf of E X and let
denote the coarse moduli sheaf of c X so that we have a cartesian diagram
Then for anyétale open f : U → X and a surjective homomorphism V → f * Ob X from a vector bundle V on U , the fiber product
gives us a cycle (called the obstruction cone) on the vector bundle V (cf. [1, §2] ). Therefore C X ∈ Z * (Ob X ). It was proved in the proof of [1, Proposition 2.2] that if V → Ob X is a surjective homomorphism from a vector bundle V on X, then the virtual fundamental class is given by
In the notation of [7] , the right side is 0 ! Ob X (C X ) so that we have
Let X be a Deligne-Mumford stack and F be a coherent sheaf on X. Let B ∈ Z * (F) be a prime cycle. Let ρ : U → X be anétale morphism with ρ * B = B × X U = 0 ∈ Z * (ρ * F). Pick a vector bundle F on U that admits a surjective homomorphism F → ρ * F. LetB ⊂ U be the image of the cycle ρ * B × ρ * F F by the projection F → U . Then the closure Y of ρ(B) in X is a closed Deligne-Mumford substack. By Chow's lemma [29, 16.6 .1], there are a quasi-projective scheme S, a genericallyétale proper surjective morphism f : S → Y , a locally free sheaf V and a surjective homomorphism
Let W ∈ Z * (F) be a prime cycle on a coherent sheaf F on a DeligneMumford stack X. A rational function h on W is an equivalence class of rational functions h f ∈ k(W ) onW for proper representatives (f, V,W ) of W where the equivalence relation is defined as follows: Let (f ′ , V ′ ,W ′ ) be another proper representative of W and h f ′ ∈ k(W ′ ). Then h f ∼ h f ′ if and only if there is a third proper representative (f ,V,Ŵ ) of W that fits into the commutative diagramŝ
such that the pullbacks of h f and h f ′ toŴ by g and g ′ respectively coincide in k(Ŵ ).
We say a rational function h on a prime cycle W on F is admissible if for any proper representative (f, V,W ), the extension h nor f :W nor → P 1 of h f to the normalizationW nor is constant on the fibers ofW nor → F.
For a prime cycle W on F and an admissible rational function h on W , we write the principal divisor of h f onW as
for distinct prime divisors D i onW where (f, V,W ) is a proper representative of W and h f is a rational function onW representing h. Then the image W i of D i in F is a prime cycle on F (cf. [7, §3] ). The boundary of (W, h) is now defined as
where e i is the degree of the morphismW i → W i whereW i is the image of
Definition 2.5. [7] Two cycles B 1 and B 2 on a coherent sheaf F on a Deligne-Mumford stack X are rationally equivalent if B 1 − B 2 is a linear combination of cycles of the form ∂(W, h) where W is a prime cycle on F and h is an admissible rational function on W . We let A * (F) be the Q-vector space of rational equivalence classes of cycles in Z * (F).
With this preparation, the Gysin map for a coherent sheaf F is now defined as follows. Definition 2.6. The Gysin map for F is defined by
where (f, V,B) is a proper representative of B.
is independent of the choice of a proper representative of B. By [7, Corollary 3.6] , the Gysin map 0 ! F preserves rational equivalence and hence induces a map 0 ! F : A * (F) −→ A * (X). Suppose there is a homomorphism σ : F → O X , called a cosection, of a coherent sheaf F on a Deligne-Mumford stack X. Let X(σ) be the zero locus of σ whose defining ideal is the image of σ. Let U = X − X(σ) and consider the substack
A cycle on F(σ) is a cycle on F which is a substack of F(σ), i.e. a prime cycle B ∈ Z * (F) belongs to Z * (F(σ)) if for a proper representative (f : S → X, V → f * F,B) of B, we havẽ
whereσ : V → O S is the composition of the surjective homomorphism V → f * F with f * σ : f * F → O S . We say two cycles B 1 and B 2 on F(σ) are rationally equivalent if B 1 − B 2 is a linear combination of cycles of the form ∂(W, h) where W is a prime cycle on F(σ) and h is an admissible rational function on W . We let A * (F(σ)) be the Q-vector space of rational equivalence classes of cycles on F(σ).
2.3.
Semi-perfect obstruction theory. A semi-perfect obstruction theory is a generalization of a perfect obstruction theory which still gives rise to a virtual fundamental class.
Definition 2.7. [7]
A semi-perfect obstruction theory on a Deligne-Mumford stack X consists of anétale cover {X α → X} and a perfect obstruction the-
} to a sheaf Ob X on X and that (2) the perfect obstruction theories E α | X αβ and E β | X αβ give the same obstruction assignment via ψ αβ for pairs of indices α, β.
The second condition in Definition 2.7 means the following. 
which is the obstruction class
for any infinitesimal lifting problem (ḡ, B,B).
It was proved in [7] that the conditions in Definition 2.7 guarantee that the images of
denote the abelian hull of the intrinsic normal cone c X of X. Then the morphisms
Applying the Gysin map 0 ! F : A * (F) −→ A * (X), F = Ob X to the image C X ∈ Z * (Ob X ) of the intrinsic normal cone c X ∈ Z * (N X ), we get the virtual fundamental class [X] vir of X for the semi-perfect obstruction theory.
We will show below that the torus localization of Graber-Pandharipande [17] (cf. §4) and the cosection localization [21] (cf. §3) as well as their combination (cf. §5) work for semi-perfect obstruction theories.
Cosection localization for semi-perfect obstruction theory
In this section, we generalize the cosection localization principle in [21] to the setting of semi-perfect obstruction theory in [7] .
Let X be a Deligne-Mumford stack over C equipped with a semi-perfect obstruction theory
Let Ob X denote the obstruction sheaf, the gluing of
be a homomorphism, called a cosection of the obstruction sheaf. Let X(σ) be the closed substack (zero locus of σ) of X defined by the ideal σ(Ob X ) ⊂ O X and let U = X − X(σ) be the open substack over which σ is surjective. The goal of this section is to prove the following generalization of [21, Theorem 1.1].
Theorem 3.1. (Cosection localization for semi-perfect obstruction theory) Let X be a Deligne-Mumford stack equipped with a semi-perfect obstruction theory. Suppose the obstruction sheaf Ob X admits a cosection σ : Ob X → O X . Let X(σ) be the zero locus of σ and ı : X(σ) → X denote the inclusion. Then there exists a localized virtual fundamental class
2) together with (3.3) induces a morphism
Hence the image of [c Xα ] by E α → Ob Xα lies in Z * (Ob Xα (σ)) where
Since C X is the gluing of the images of [c Xα ] and Ob X is the gluing of Ob Xα while σ is the gluing of σ α , letting
we find that
Next, we generalize the cosection localized Gysin map (cf. [21, Proposition 1.3]).
Proposition 3.2. Let F be a coherent sheaf on a Deligne-Mumford stack X and let σ : F → O X be a nonzero cosection. Let X(σ) denote the zero locus of σ and U = X − X(σ) so that σ is surjective over U . Let
Then there is a homomorphism
which we call the localized Gysin map, such that
where ı : X(σ) → X andĩ : F(σ) → F denote the inclusions and 0 ! F is the Gysin map in Definition 2.6.
Proof. Let B ∈ Z * (F(σ)) be a prime cycle. If B ∈ Z * (F| X(σ) ), then we let
is the Gysin map of the sheaf F| X(σ) on X(σ) defined in [7, §3] . From now on, we let the prime cycle B satisfy B / ∈ Z * (F| X(σ) ). Let π : F → X denote the projection. Let ρ : X # → X be the blowup along X(σ), i.e. along the ideal I σ = σ(F) ⊂ O X so that we have a surjective homomorphism
where D is a Cartier divisor on X with support |D| such that
For a proper representative (f : S → X, V ։ f * F,B), let S # be the blowup of S along S(σ) = X(σ) × X S, so that we have a commutative diagram
We now define
where 
so that we have
It was also proved in [21, §2] that 0 ! V,σ preserves rational equivalence. By the usual argument used in [21, §2] or [7, §3] , it is straightforward to see that 0 ! F ,σ [B] is independent of the choice of a proper representative of B. Indeed, if we have two proper representatives (f 1 , V 1 ,B 1 ) and (f 2 , V 2 ,B 2 ), we can choose a third proper representative (f ,V,B) dominating the previous two. Then we can compare the cycles defined by the right side of (3.9) on V. We omit the detail here.
By extending (3.7) and (3.9) linearly, we obtain a homomorphism
. To prove that (3.12) preserves rational equivalence, let W be a prime cycle on F(σ) and h be an admissible rational function on W . When W ∈ Z * (F| X(σ) ), this fact was proved in [7] . So we may assume W / ∈ Z * (F| X(σ) ). For a proper representative (f : S → X, V → f * F,W ) of W and a rational function h f onW ⊂ V representing h, we write the principal divisor of h f onW as ∂(W , h f ) = n i D i where D i are distinct prime divisors. As we reviewed in §2.2 the principal divisor ∂(W, h) of h on W is defined as ∂(W, h) = n i W i e i /deg f where W i is the image of D i in F and e i is the degree of the morphismW i → W i whereW i is the image of
Therefore we have
as desired. Finally we prove (3.6). For a prime cycle B ∈ Z * (F| X(σ) ) and a proper representative (f : S → X, V → f * F,B), we have a commutative square
by [21, §2] , (3.6) follows from (3.13)
Note that our definition (3.11) of the localized Gysin map 0 ! F ,σ is the same as Definition 2.6 with the ordinary Gysin map 0 ! V replaced by the localized
Proof of Theorem 3.1. By (3.4), we have the virtual normal cone [C X ] ∈ A * (Ob X (σ)). Using 0 ! F ,σ in (3.5) with F = Ob X , we define
by (3.6)
As in the case of ordinary virtual fundamental class, the localized virtual cycle [X] vir loc for a semi-perfect obstruction theory remains constant under deformation. Let X be a Deligne-Mumford stack over C. Let {X α → X} be anétale cover and let {φ α : E α → L Xα } be a semi-perfect obstruction theory for X. Let X be a Deligne-Mumford stack together with a morphism π : X → T to a pointed smooth curve 0 ∈ T .
Suppose X = X × T {0} and there is a semi-perfect obstruction theory (3.14)
for X together with commutative diagrams (3.15)
of distinguished triangles. We further assume that the homomorphisms
Let us suppose that there is a homomorphism
−→ O X denote the composition of (3.17) and (3.16), restricted to X. Let X(σ) be the zero locus ofσ and X(σ) be the zero locus of σ so that we have a fiber square
denote the Gysin map. 
Torus localization for semi-perfect obstruction theory
In this section, we generalize the torus localization formula in [17] to the setting of semi-perfect obstruction theory. See [6] for the torus localization formula for cosection localized virtual fundamental class.
Let X be a Deligne-Mumford stack acted on by a torus T = C * . Let F be the T -fixed locus, locally defined by SpecA/A mv on an equivariant etale SpecA → X, where A mv denotes the ideal generated by weight spaces corresponding to nontrivial T -weights. Let ı : F ֒→ X denote the inclusion map. Definition 4.1. A T -equivariant semi-perfect obstruction theory on X consists of (1) a T -equivariantétale open cover {X α → X} of X; (2) an object E α ∈ D([X α /T ]) and a morphism
which is a perfect obstruction theory on X α .
Here D([X α /T ]) denotes the derived category of T -equivariant quasicoherent sheaves on X α .
The T -fixed locus F admits an induced semi-perfect obstruction theory. Indeed, the T -equivariant perfect complex
of the T -fixed part and moving part. Moreover φ α : E α → L Xα also decomposes into the sum of
Lemma 4.2. The composition of (4.2) and (4.3) gives us a perfect obstruction theory
semi-perfect obstruction theory on F , with respect to theétale cover {F α → F }.
Proof. The first statement follows from [6, Lemma 3.3] . For the second, observe that we have a decomposition
into the direct sum of the T -fixed and moving parts. Since {Ob Xα } glue to Ob X by assumption, {Ob Xα | Fα } glue to Ob X | F and hence 
where x ∈ F is the image of the closed point in SpecB byḡ. Sinceḡ is T -invariant,
Since the perfect obstruction theories E α | X αβ and E β | X αβ give the same obstruction assignment for X αβ = X α × X X β , we find that the same holds for
. This proves the lemma.
Recall that in [17] , the authors proved the torus localization formula assuming the existence of (1) a global T -equivariant embedding of X into a smooth Deligne-Mumford stack and (2) a global resolution [E −1 → E 0 ] of the perfect obstruction theory E → L X by locally free sheaves E −1 and E 0 . In [6, §3] , (1) was completely removed and (2) was replaced by a weaker assumption that the virtual normal bundle N vir = (E| mv F ) ∨ admits a global 2-term resolution [N 0 → N 1 ] by locally free sheaves N 0 , N 1 over F .
For the torus localization formula in the setting of semi-perfect obstruction theory, we assume the following. Assumption 4.3. There is a homomorphism
of locally free sheaves on F whose cokernel h 1 (N vir ) is isomorphic to Ob X | mv F such that there is an isomorphism
where e(−) denotes the equivariant top Chern class and t is the generator of the equivariant Chow ring A * T (pt). 
where [X] vir and [F ] vir are the virtual fundamental classes of X and F with respect to the semi-perfect obstruction theories {φ α : E α → L Xα } and {φ F α : E F α → L Fα } using the notation above.
To prove Theorem 4.5, we introduce another semi-perfect obstruction theory for F , whose obstruction sheaf is enlarged by N 1 so that the inclusion ı : F α → X α is virtually smooth. Let
where the first arrow E F α → E F α is the projection to the direct summand E F α defined in (4.4). Since φ F α : E F α → L Fα is a perfect obstruction theory by Lemma 4.2,φ F α is also a perfect obstruction theory for F α . Since the obstruction sheaves
Asφ F α factors through φ F α in (4.10),φ F α | F αβ andφ F β | F αβ give the same obstruction assignment where F αβ = F α × F F β = X αβ × X F . Hence we proved the following. Note that the new semi-perfect obstruction theory {( E F α ,φ F α )} fits into the commutative diagram (4.11)
Since F ֒→ X is an embedding, the normal cone c F/X = C F/X embeds into the normal sheaf N F/X which is the kernel of (4.7). Hence we have the embedding
This gives us the pullback map
Recall that C X is the substack of Ob X whose pullback
Our proof of Proposition 4.7 will follow from the two lemmas below.
Proof.
) be a proper representative of B i and let
Hence the left side of Lemma 4.8 is
By the proof of [14, Proposition 1.9], the rational equivalenceB i ∼π * i [T i ] is given by admissible rational functions and hence we have [
and the right side of Lemma 4.8 is (4.16) 0
The lemma follows from (4.15) and (4.16).
Lemma 4.9. There exist a coherent sheaf Ξ on F × P 1 such that
and a rational equivalence of cycles
Proof. Consider the double deformation spaces
Here c Xα is the intrinsic normal cone of X α . Note that
From (4.1), (4.4) and (4.10), we have a morphism
whose cone is the locally free sheaf N 0 | ∨ Fα . Let ξ α be the cone of the morphism
where x 0 , x 1 are the homogeneous coordinates of P 1 and p 1 , p 2 are the projections from F × P 1 to F and P 1 respectively.
) and hence an equivalence (4.20) [
respectively. The canonical equivalences (4.20) glue to an equivalence (4.21) [
To prove (4.17), we take a more careful look at (4.19 
is certainly E F α (1) and
By direct computation, the cone ξ mv α of the moving part has
0 , x 1 are globally defined on F ×P 1 , we find that {h 1 (ξ α )} glue to a sheaf Ξ on F ×P 1 . Finally (4.17) follows from (4.22). Now we can complete our proof of Proposition 4.7. By Lemma 4.9,
The proposition follows from (4.23), (4.24) and (4.25).
Now we can prove Theorem 4.5.
Proof of Theorem 4.5. By [28, Theorem 6.3.5] , the inclusion ı : F → X induces an isomorphism
Hence we have a class
By Proposition 4.7, we obtain
Since e(N vir ) = e(N 0 )/e(N 1 ),
as desired.
Torus localization of cosection localized virtual cycles for semi-perfect obstruction theory
In this section, we generalize the torus localization formula of cosection localized virtual cycle (cf. [6, §3] ) to the setting of semi-perfect obstruction theory.
Let X be a Deligne-Mumford stack equipped with (1) an action of T = C * , (2) a semi-perfect obstruction theory
of the obstruction sheaf Ob X of the semi-perfect obstruction theory. Let X(σ) denote the zero locus of σ, that is the closed substack defined by the image of σ. By Lemma 4.2, we have an induced semi-perfect obstruction theory
By Theorem 3.1, we have cosection localized virtual fundamental classes
vir loc ∈ A * (F (σ)). The goal of this section is to prove the following.
Theorem 5.1. Let ı : F (σ) → X(σ) denote the inclusion. Suppose Assumption 4.3 holds. Then we have
As in §4, Theorem 5.1 follows from the following lemma.
Proof. The proof is identical to that of Proposition 4.7, once we show that the rational equivalence in Lemma 4.9 lies in
Its proof is identical to that of [6, Lemma 2.5].
Proof of Theorem 5.1. 
Dual obstruction cone and virtual signed Euler characteristic
In this section, we recall the dual obstruction cone N of a DeligneMumford stack X with a perfect obstruction theory by Jiang-Thomas [20] and prove that it admits a semi-perfect obstruction theory (Theorem 6.2). The cosection localization (Theorem 3.1) and the torus localization (Theorem 4.5) above for semi-perfect obstruction theory now establish the JiangThomas theory of signed Euler characteristic (cf. [20] ) without any assumption on the derived geometry of X.
6.1. Dual obstruction cone. In this subsection, we recall the dual obstruction cone by Jiang-Thomas [20] . Let X be a Deligne-Mumford stack equipped with a perfect obstruction theory
Definition 6.1. The dual obstruction cone of X is defined as
which represents the functor
i.e. giving a morphism S → N over X amounts to giving a morphism S f −→ X together with a homomorphism f * F → O S .
Finding a cosection σ : F → O X of F is the same as finding a section s : X → N of (6.2).
By a standard argument on perfect obstruction theory, there is anétale cover {X α → X} of X such that X α is the zero locus of a section s α of a trivial vector bundle V α on a smooth variety A α
/ / A α and that the perfect obstruction theory E restricted to X α is (6.4)
Since the obstruction sheaf Ob X | Xα of the perfect obstruction theory E| Xα is coker(ds α ), N α := N | Xα is the subscheme of V ∨ α | Xα defined by the vanishing of the section (ds α )
Xα → X α is the projection. If we let x 1 , · · · , x n be coordinates for A α and y 1 , · · · , y r be coordinates of the fiber of V ∨ α → A α , N α = N | Xα is defined by the ideal generated by
where s i = s i (x 1 , · · · , x n ) are the coordinate functions of s α . Let
Hence the critical locus ofs α is defined by the vanishing of (6.6)
and so N α is the critical locus of the functions α defined on the smooth variety V ∨ α , i.e. (6.7)
In particular, N α is equipped with a symmetric perfect obstruction theory (6.8)
6.2. Semi-perfect obstruction theory of N . In this subsection, we prove that the dual obstruction cone N in (6.2) has a symmetric semi-perfect obstruction theory defined by (6.8).
Theorem 6.2. The dual obstruction cone N has a symmetric semi-perfect obstruction theory
where F α is defined by (6.8) and
Proof. We use the notation and local description of §6.1. Since (6.8) is symmetric, the obstruction sheaves (6.10)
glue to the cotangent sheaf Ω N . We have to show that the perfect obstruction theories F α and F β on (6.11)
give the same obstruction assignment (cf. §2). Composing (6.13) and (6.14) with the canonical (6.15) ρ α :
we obtain the obstruction classes that give rise to a commutative diagram (6.18 )
for some locally free sheaves E −1 and E 0 on X αβ . The equalityōb α =ōb β follows from the commutativity of (6.18) . This proves the theorem.
We will see below that the semi-perfect obstruction theory (6.9) of the dual obstruction cone N is C * -equivariant and admits a cosection of the obstruction sheaf Ob N = Ω N . So we may apply the torus localization and cosection localization proved in this paper. 6.3. Localization of the virtual cycle of the dual obstruction cone. Let X be a scheme equipped with a perfect obstruction theory E that gives us the virtual fundamental class [X] vir . We assume that E admits a global resolution [E −1 → E 0 ] by locally free sheaves on X. Let F = Ob X = h 1 (E ∨ ). The natural grading on Sym O X F determines a T = C * -action on N = Spec X (SymF) whose fixed locus is precisely X.
The action of T on N moreover gives us the Euler vector field v on N whose dual is a cosection σ : Ω N → O N which is surjective on N − X by [20, §3] .
By construction, the semi-perfect obstruction theoy of N in Theorem 6.2 is T -equivariant and the obstruction sheaf is Ob N = Ω N . By (6.17), the virtual normal bundle of the T -fixed locus X in N is the dual E ∨ of E which admits a global resolution by assumption. Therefore, we can apply the localization theorems (Theorems 3.1 and 4.5) that we proved for semiperfect obstruction theory.
Jiang and Thomas in [20] considered five natural ways to define the notion of virtual signed Euler characteristic of X as follows:
(1) (Ciocan-Fontanine-Kapranov/Fantechi-Göttsche)
(Graber-Pandharipande) loc ∈ A 0 (X), (5) e 5 (X) = (−1) rkE e(X). By Theorems 6.2, 3.1 and 4.5, we do not need to assume that X comes from a quasi-smooth derived scheme as in [20] . So the following theorem of Jiang-Thomas holds without any assumption from derived geometry.
Theorem 6.4. [20]
Let X be a scheme equipped with a perfect obstruction theory E which admits a global resolution [E −1 → E 0 ] by locally free sheaves. Then the five definitions of virtual signed Euler characteristic are well defined and satisfy e 1 (X) = e 2 (X), e 3 (X) = e 4 (X) = e 5 (X).
